This work presents a theoretical and numerical study of electrokinetic flow and the zeta potential for the case of slit channels with nanoscale roughness of dimensions comparable to the Debye length, by employing molecular dynamics simulations and continuum-level analyses. A simple analytical model for considering the effects of the surface roughness is proposed by employing matched asymptotic solutions for the charge density and fluid flow field, and matching conditions that satisfy electroneutrality and the Onsager reciprocal relation between the electroosmotic flow rate and streaming current. The proposed analytical model quantitatively accounts for results from molecular dynamics simulations that consider the presence of ion solvation shells and surface hydration layers. Our analysis indicates that a simultaneous knowledge of the electroosmotic and pressure-driven flow rate or streaming current can be instrumental to determine unambiguously the zeta potential and the characteristic surface roughness height.
Introduction
Electrokinetic phenomena are due to the coupling of fluid and charge transport in the Electric Double Layer (EDL) that forms at the interface between a charged surface and a liquid electrolyte solution. [1, 2] These phenomena combining electrodynamic and hydrodynamic effects enable ground-breaking technologies for separation processes and actuation, such as micellar electrokinetic chromatography, [3, 4, 5] electrophoretic assembly of bio/nanomaterials, [6, 7, 8] and electrodialytic water desalination, [9, 10, 11] . Electroosmostic flow and electrophoresis are prototypical examples of electrokinetic phenomena where applied electric fields induce the controlled motion of fluid and/or colloidal solutes (e.g., nanoparticles, macromolecules). At the same time, applied pressure gradients produce the flow of electrolyte or colloidal solutions and the advection of ion (or colloidal solutes) produce so-called streaming or (sedimentation) currents.
Both the fluid flow driven by voltage and electric current driven by pressure differences are determined by the so-called zeta potential ζ, which is a metric of the electrokinetic coupling in the EDL that is measurable by different experimental methods. [12, 13, 14] Conventional theoretical descriptions for electrokinetic flows, and thus analytical models for the zeta potential, have been developed based on the classical continuum assumptions of sharp liquid-solid interfaces of plane or spherical surfaces that are physically smooth and chemically homogeneous. As a result, and despite insightful theoretical and computational studies, [15, 16, 17, 18, 19, 20, 21] there are no well-established analytical models to account for experimental observations and/or predict analytically the zeta potential for surfaces with nanoscale physical structures or roughness of arbitrary shape and dimensions comparable to the Debye length λ D .
For the particular case of electrokinetic flow and zeta potentials in slit channels, analytical models are relatively welldeveloped and, to a certain extent, validated against experimental observations for the case of flat surfaces with uniform surface charge density. [22, 23] For the case of surfaces with roughness of characteristic dimension δ, it has been theoretically established that when δ λ D the surface roughness has no effect on the zeta potential in the case of negligible surface conductivity [15] and suppresses the zeta potential for the case of finite surface conductivity. [20] Recent experimental work on nanostructured surfaces by our group corroborates this theoretical findings. [24] Nevertheless, no analytical expression is available to predict the zeta potential for the case of finite surface conductivity and surface nanostructure or roughness dimensions comparable to the Debye length.
This work proposes the application of a simple analytical description for streamwise-averaged unidirectional electrokinetic flow that is valid for the case of slit channels with periodic nanoscale roughness and heterogeneous surface charge of characteristic height comparable to the Debye length. The key element of the proposed analytical model is the use of matched asymptotic solutions and the enforcement of charge and volume conservation, and the Onsager reciprocal relation in electroki-netic flows, through the matching conditions. Analytical estimates from the proposed model for the streamwise-averaged charge density and flow velocity profiles, and the zeta potential are in close agreement with results from non-equilibrium molecular dynamics (MD) simulations of nanoscale channels with a modeled sinusoidal roughness of period > λ D and height δ λ D . Our theoretical analysis and computational results indicate that the zeta potential and characteristic surface roughness height can be unambiguously determined, provided that the Onsager reciprocal relation between electroosmotic flow and streaming current is satisfied, and a reliable estimate for the pressure-driven flow rate is available.
Continuum level analysis
Within the framework of continuum analysis, we formulate a simple and compact description for electrokinetic flows that can accurately predict the zeta potential for the system illustrated in Fig. 1a , which consists of a 3D slit nanochannel of nominal or average height H, length L H, and width W H, with both channel surfaces having a nanoscale regular structure and/or random roughness having a characteristic height δ H. The proposed description is based on streamwise-averaged variables (i.e., the effective ion density and flow velocity profile) that are obtained by integration along the x-and z-coordinates and can predict accurately the total number of ions and the volumetric flow rate when integrated along the channel height.
The entire channel is filled with a liquid solution of a 1:1 symmetric electrolyte, having molar concentration c, shear viscosity µ, and permittivity ε in the bulk. We analyze only the case that the channel surfaces are highly wettable and therefore the full surface area is in direct contact with liquid; i.e., both channel walls are in the Wenzel wetting state [25, 26] , as illustrated in Fig. 1a . For the sake of analytical simplicity, the nanoscale surface structure or roughness is approximately modeled by a single-mode and zero-mean perturbation ( Fig. 1b ) with a characteristic amplitude δ and a period or coherence length that can be obtained by averaging along the transverse z-direction and/or filtering with a proper cut-off wavelength the surface topography height. For the sake of analytical simplicity, we thus consider that the effective local height of the nanochannel varies according to h(x) = H + δ cos(2πx/ ).
In the present analysis it is assumed that each channel wall has a known number N w of (negatively) charged sites ( Fig. 1c ) distributed with a uniform surface charge density σ = −eN w /WL (e is the elementary charge), which circumvents the need for using a site-dissociation model relating σ with the surface potential ψ S . [27, 28, 29, 30] Following the Stern-Gouy-Chapman (SGC) model, [31, 32] the EDL formed at any point of the charged solid-liquid interface ( Fig. 1c ) comprises (i) the Stern layer with immobile liquid molecules and ions having an effective diameter s, and (ii) the diffuse layer having mobile ions in solution and a characteristic thickness determined by the Debye length λ D . Assuming near equilibrium thermodynamic conditions and a system temperature T , the local number density of anions n − and cations n + is approximately given by Boltzmann statistics, n ± = n 0 exp ∓ eψ k B T exp − U S k B T , where n 0 is the zero-potential number density of anions and cations, ψ is the electrostatic potential, and U S is the free energy due to ion solvation, surface hydration, and any other non-electrostatic interactions (k B is the Boltzmann constant). The number density of solvent molecules n S presents large spatial oscillations with respect to the bulk liquid density n 0S at distances from the wall of a few molecular diameters s due to the presence of non-electrostatic interactions associated with the formation of solvation shells and hydration layers results. [33, 34, 35] In the SGC description of the EDL, it is assumed that the co-ions closest to the wall are located in the Outer Helmholtz Plane (OHP) separating the Stern and diffuse layer ( Fig. 1c ) and no significant number of ions are present within the Stern layer where U S k B T as a result of strong solvation and hydration interactions. Accordingly, the electrostatic potential ψ in the Stern layer is assumed to decay linearly with the distance from the surface and the diffuse layer potential ψ d = ψ S − σ/C S at the OHP (Fig. 1c) is prescribed by the specific Stern capacitance C S = ε S /s, where ε S is the permittivity in the Stern layer. Outside the Stern layer where the medium permittivity is ε const. and |ψ| >> U S , the local charge density is ρ e = e(n + − n − ) = −2en 0 sinh(eψ/k B T ) and the electrostatic potential satisfies the Poisson-Boltzmann (P-B) equation ε∇ 2 ψ = 2en 0 sinh(eψ/k B T ). [1, 2] In the conventional continuum description for steady-state and incompressible electrokinetic flow the P-B equation sup-plements the Navier-Stokes (N-S) momentum equation, µ∇ 2 u− ρ e ∇ψ − ∇p = 0. However, the assumption of a constant shear viscosity µ employed in the N-S is strictly valid within the fluid bulk outside the hydration layer where liquid molecules are strongly adsorbed and become immobilized at the solid-liquid interface. Considering that the effective viscosity becomes extremely large and thus ∇ 2 u 0 within the Stern layer, we will assume a linear flow velocity profile at sufficiently small distances from the wall.
Electrokinetic flow equations
In this section, we formulate analytical expressions for the streamwise-averaged or "effective" electrostatic potential ψ(y), ion number density n ± (y), unidirectional velocity u P (y) for pressure-driven (Poiseuille) flow, and u E (y) for voltage-driven (electroosmotic) flow in a slit channel with a modeled singlemode variation of the effective height h(x) that is induced by nanoscale surface roughness of amplitude δ and period . We assume that nanoscale roughness of height δ 10s produces similar effects as the hydration layer in immobilizing solvent molecules and preventing adsorption of counterions at the liquid-solid interface; the validity of this assumption will be assessed by comparison against results from MD simulations. Hence, the effective ion density and flow velocity profiles is modeled as linear functions decaying with the distance from the solid-liquid interface for which |y| H/2 − δ/2 Approximate solution of the P-B and N-S equation is thus obtained in the form of matched asymptotic expressions valid for 0 ≤ |y| ≤ y * (i.e., the "outer" region) and for y * ≤ |y| ≤ H * (i.e., "inner" region), where y * = H/2 − δ/2 − s/2 and H * = H/2 + δ/2. The coordinate y * of the mathching point is thus located half a molecular diameter away from the cuspid of the surface defect of height δ due to the presence of the Stern layer, which comprises the first hydration layer with immobile solvent atoms.
The proposed analytical expressions for streamwiseaveraged variables in the outer region are obtained via asymptotic analysis for λ D and their deviations from the 3D physical variables are of order O(λ D / ). Analytical solution of the nonlinear P-B equation in the outer region gives the electrostatic potential profile [36] 
where ψ(0) is the centerline potential at y = 0, λ D = εk B T/2e 2 n 0 is the Debye length, and cd(a, m) is the cd Jacobi elliptic function with argument a and parameter m. The streamwise-averaged ion density is given by
where ψ * = ψ(y * ) is the electrostatic potential at the boundary between the inner and outer region. When a pressure head ∆p and/or voltage difference ∆V are applied across the channel, the resulting streamwise-averaged flow velocity is
is the flow velocity at the matching coordinate.
The description in Eqs. 1-3 can be employed to predict the total number of (positive/negative) charges in solution
and the volumetric flow rate
Furthermore, the streaming current can be estimated from
where u P = u(∆p, ∆V = 0) is the velocity profile in Eq. 3 for pressure-driven flow, u * P = u P (y * ) and ρ * e = ρ e (y * ).
Determination of the zeta potential
The integration of streamwise-averaged variables in Eqs. 4-6 can be performed to estimate the electrokinetic zeta potential for the studied slit nanochannel ( Fig. 1 ). Under conditions for which the Onsager reciprocal relations are valid, [37, 38] the zeta potential is equally defined by the electroosmotic flow rate Q e = Q(0, ∆V) driven by voltage and streaming current I s (∆p) driven by a pressure, according to
In order to produce quantitative predictions for the zeta potential via Eq. 7 it is necessary to determine the zero-potential ion density n 0 , the centerline potential ψ 0 , and the fluid flow velocity u * at the matching coordinate y * . These three parameters can be readily obtained by solving Eqs. 4-5 when N + , N − , and Q or Q e are known, and an estimate for the effective roughness height δ is available (e.g., from topographic data analysis). Moreover, it is possible to obtain estimates for the effective roughness δ from Eq. 6 and the reciprocal relation Q e /∆V = I s /∆p, when the pressure-driven flow rate Q P = Q(∆p, 0), and thus u * P , are known. The proposed expressions and analysis for slit channels with nanoscale roughness will be employed to account for results from MD simulations described in the next section.
Molecular dynamics simulations
In this work, non-equilibrium MD simulations in the NVT ensemble are performed with the open-source package LAMMPS [39, 40, 41 ] in order to model electrokinetic flow in a 3D section of a nanoscale slit channel (see Fig. 2a ) of average The modeled system comprises N − = 16 anions and N + = 64 cations in solution, and N w = 48 negatively charged sites fixed on the solid walls. Hence, the system is electroneutral since the total number cations in solution includes those coming from the dissociation of both the electrolyte and the chargeable surface sites. The studied condition corresponds to a 1:1 electrolyte solution of molar concentration c 20 mM, and the Debye length is λ D = 1.98 nm for the case with the weakest electrostatic interactions (C e = k B T ) and λ D = 0.9 nm for the case with the strongest electrostatic interaction (C e = 5k B T ). The surface charge density is σ = −23.5 mC/m 2 in all the modeled cases (see Fig. 2b ), which approximately corresponds to the surface charge of silica at pH 8. [30, 24] For the flat channel config-uration the negatively charged sites are uniformly distributed, which is consistent with continuum model hypothesis of homogeneously charged surface.
To assess the effects of inhomogeneity in the distribution of surface charges, MD simulations for the slit channel with sinusoidal surface features were performed with the charged sites localized at either the cuspid or bottom of the roughness (cf. Fig. 2b ). Theoretical and experimental analyses [43, 44, 45, 46] indicate that, depending on the physicochemical conditions, surface charge formation tends to concentrate on the cuspid of surface features where the convex curvature induces the strengthening of the local surface potential. For the conditions modeled in this work and in the limit cases of all surface charges at the cuspid or at the bottom of the surface features (Fig. 2b) , there are no significant differences in the streamwise-averaged profiles of the charge density profile (cf. Fig. 2c ) and other studied variables, as predicted analytically for /λ D 1. Independently of the localization of the surface charges, the modeled nanoscale roughness has similar noticeable effect on the streamwise-averaged variables (cf. Fig. 2c ) that is analogous to the formation of a region of approximate thickness δ with a nearly linear profile.
Results and discussion
The streamwise-averaged ion and solvent number density, flow velocity for electroosmotic and pressure-driven flows, and streaming current density is computed from the atomic position and velocities reported by the MD simulations, by spatial averaging along both the channel length and width plus additional time averaging over the last 9 ns of the simulations. The results reported in this section correspond to the cases of a flat channel with uniformly distributed surface charges and a "rough" channel with charges concentrated in the cuspids of the modeled surface features. The results from MD simulations and the analytical expressions proposed in Sec. 2 are compared in Figs.3-4 for the case of a slit channel of average height H 7.5 nm, having atomically flat surfaces or surfaces with periodic feature of height δ 1.5 nm and period 18 nm. Two different physical conditions are studied: Condition I having "weak" electrostatic interactions (C e = 1k B T ) for which δ/λ D 0.75 and /λ D 9; and Condition II having "strong" electrostatic interactions (C e = 5k B T ) for which δ/λ D 1.7 and /λ D 20.2. For both conditions, the presence of the surface features modeling periodic surface roughness produces a nearly linear variation of the streamwise-averaged ion, net charge density, and fluid velocity profiles for |y| y * = H/2 − δ/2 − s/2, which is consistent with the continuum analysis for λ D presented in Sec. 2. In all studied cases, MD simulations report significantly different behavior in the so-called "inner" region where |y| ≥ y * and "outer" region where |y| ≤ y * , which can be approximately accounted for by the proposed matched asymptotic expressions in Eqs. 1-3. It is worth noticing, that the lack of dipole moments in the modeled liquid medium ensures that the electric permittivity in our MD simulations has the same constant value in the solution bulk and within the Stern layer. The streamwise-averaged solvent number density n s (y) computed from MD simulations shows nearly identical profiles for Condition I and II (cf. Fig. 3a&d ) in the cases of "flat" and "rough" channel walls with the expected constant value n 0s in the fluid bulk and spatial oscillations near the walls due to the presence of hydration layers. For the modeled conditions, hydration layers with a quasi-crystalline structure are present within a distance between 1 to 3 molecular diameters from the walls, as it can be readily observed for the case of channels with flat walls. Despite the spatial oscillations induced by the hydration layers, the streamwise-averaged solvent density profile for the case of channels with rough walls can be approximately described by a linear decay within the inner region where |y| y * . Table 2 : Model parameters for analytical expressions in Eqs. 1-3 and zeta potential ζ MD computed from MD simulations and ζ determined by Eq. 7 for the two different channel geometry and modeled conditions with characteristic electrostatic energy C e . The zero-potential ion density n 0 and centerline potential ψ(0) are obtained by solving numerically Eq. 4 for the number of charges N + and N − , and the roughness height δ employed in the MD simulations. Nearly linear profiles computed from MD simulations in the inner region are also observed for the streamwise-averaged anion and cation density for both Condition I (cf. Fig. 3b -c) and Con-dition II (cf. Fig. 3e-f) , albeit with a different slope steepness that scales inversely with the Debye length for each modeled condition.
Analytical expressions for the streamwise-averaged anion and cation density (Eq. 2) reported in Fig. 3 and flow velocity profiles (Eq. 3) reported in Fig. 4 employ the matching coordinate y * = H/2 − s/2 for the flat channel case and y * = H/2 − δ/2 − s/2 for the channel with surface features, with the model parameters reported in Table 2 . The zero-potential ion density n 0 and the centerline electrostatic potential ψ(0) in each case is found numerically by satisfying Eq. 4 for N + = 64 and N − = 16 within a 1% relative error. For the case of streamwise-averaged density profiles, close agreement is observed in all cases for Condition I (Fig. 3a-c) , while the agreement deteriorates for Condition II Fig. 3e-f ) where very strong spatial oscillations are observed for the cation density profile in the inner region. The lesser agreement between analytical predictions and MD simulations for Condition II where C e > k B T is be attributed to the fact that the simple linear decay in the ion number density modeled by Eq. 2 near the walls does not accurately correspond to the complex functional form of the local electrostatic potential and solvation energy.
The streamwise-averaged velocity profiles for voltage-driven (electroosmotic) flow u E (y) and pressure-driven flow u P (y) from MD simulations are reported in Fig. 4 for the studied flat and rough channel walls and the two conditions with different characteristic electrostatic energy C e (See Table 2 ). Similarly to the case of the number density profiles, a nearly linear velocity profile is observed in an inner region where |y| y * = H/2 − δ/2 − s/2. Analytical predictions from Eq. 3 employ the matching velocity u * found by satisfying Eq. 5 with the electroosmotic flow rate Q E = Q(0, ∆V) and pressure-driven flow rate Q P = Q(∆p, 0) computed from MD simulations. For physical consistency, the analytical predictions must also satisfy the Onsager reciprocal relation Q E /∆V = I s /∆p between the electroosmotic flow rate and the streaming current, which is indeed satisfied by results from all our MD simulation within a small relative error < 5%. Analytical expressions via Eqs. 2-3 for the streamwise-averaged current flux ρ e u P are therefore expected to agree closely with results from MD simulations. As observed in Fig. 4a -c, analytical predictions for u E , u P , and ρ e u P give close agreement with MD simulation results for Condition I with the weak electrostatic interactions (cf. Table 2 ) for which C e = 1k B T and δ/λ D 1. For Condition II where C e = 5k B T and δ/λ D > 1, close agreement is observed for the pressuredriven flow velocity u P (Fig. 4d) , while there is a reasonable but lesser agreement between analytical expressions and MD simulations results for the streamwise-averaged electroosmotic flow velocity u E and streaming current flux ρ e (Fig. 4e-f) .
The zeta potential defined by the electroosmotic flow rate Q E via Eq. 7 is reported in Table 2 for the case of flat (δ = 0) and rough (δ = 4s) walls under the studied two different conditions with "weak" and "strong" electrostatic interactions, for which λ D = 1.98 nm and λ D = 0.9 nm, respectively. For Condition I, the zeta potential ζ determined analytically via Eq. 3 and Eq. 5 agrees closely with the zeta potential ζ MD computed in MD simulations. For Condition II, analytical estimates for the zeta potential for the rough channel case fall within a 7% relative error from the values reported by MD simulations. We thus find that for the less optimal Condition II where C e = 5k B T and a channel with known roughness height δ = 1.7λ D , the employed analytical predictions approximately satisifes the reciprocal Onsager relation within a 10% relative error. For all the studied conditions, the modeled surface roughness has the effect of significantly reducing the zeta potential magnitude.
Conclusions
This work proposes a simple and compact analytical description for electrokinetic flows that can be employed to predict the zeta potential for the case of slit nanochannels with surface structure or roughness with a characteristic height δ λ D and period > λ D . The proposed analytical predictions for the streamwise-averaged ion density, flow velocity, and streaming current flux were favorably compared against results from MD simulations for slit nanochannels with the same average height H 7.5 nm and having charged walls that are atomically flat (δ = 0) or have sinusoidal features of height δ 1.5 nm. In our MD simulations the number of charges at the walls is fixed, which is equivalent to neglecting the dependence of surface charge with the local surface potential, ion concentration, and solution pH. The simulated conditions with "weak" and "large" values of the characteristic electrostatic energy (C e = 1 and 5 k B T ) correspond to a liquid solution with relative permittivity 160 and 30, respectively. Furthermore, the medium permittivity is constant in our MD simulations due to the use of nonpolar monatomic molecules to model the liquid solvent. For all simulated cases no hydrodynamic slip is observed at the solid-liquid interface, which is due to the high affinity modeled between the solvent and solid atoms. The lack of hydrodynamic slip at the walls in MD simulations ensured the fulfillment of the reciprocal Onsager relation between voltage-driven flow rate and pressure-driven current for all the studied channel geometries. The proposed analytical model consists of matched asymptotic expressions for streamwise-averaged variables in an inner and outer region delimited by the plane |y| = y * , where the matching coordinate y * is defined by the characteristic roughness height δ and the liquid solvent molecular diameter s. The analytical results reported in Figs. 3-4 and summarized in Table 2 , are obtained from knowing the electroosmotic flow rate Q E and pressure-driven flow rate Q P , and employing y * = H/2 − δ/2 − s/2 defined by the known roughness height δ and considering the presence of a Stern layer of thickness s/2. Alternatively, in the case that the roughness height δ is not known, one can estimate it from Eqs. 4 6 when the streaming current I s is known (e.g., from numerical simulation or experimental measurement). Moreover, in the case that the streaming current is not known, one can compute or measure the pressuredriven flow rate Q in order to estimate the effective flow rate profile u P using Eq. 3 and Eq. 5 and from there determine analytically the streaming current by using Eq. 6. In this case, the effective thickness δ can be determine by invoking the reciprocal relation Q e /∆E = I s /∆p that is satisfy for arbitrary channel geometry when there is no-hydrodynamic slip at the wall. For example, using the latter procedure and the pressuredriven flow rate from MD simulations gives an effective roughness value that is reasonably close (i.e., within 7% error) to that previously know from the simulated channel geometry.
The proposed analytical expressions do not consider the variation of the medium permittivity within the Stern layer nor spatial oscillations of the ion density that are induced by the presence of hydration layers near the solid-liquid interface. Moreover, the approximate analytical expressions are valid for cases where the roughness period is large than the Debye length. Nevertheless, the proposed analytical estimates can help rationalize zeta potential measurements for conditions commonly found in experimental studies of electeokinetic flow in slit channel with surfaces with nanoscale roughness of natural or synthetic origin.
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